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Abstra t

The problem of nding a Minimum Steiner Tree (MRST) for a set of
points P on a re tilinear spa e has been proven to be NP-Complete.
A binary image is onstru ted on the re tilinear spa e, whi h inludes all the points in P . The skeleton of the binary image is
used to develop a polynomial approximation algorithm (AMRST)
for the MRST. The skeleton de nes a tree with verti es V = P [ S ,
where S is the set of Steiner points and a set of edges E that onne t the verti es in V . Ea h edge e = (vi ; vj ) 2 E has a ost
(e) = jxi xj j + jyi yj j where (xi ; yi ) and (xj ; yj ) are the oordinates of the verti es vi and vj respe tively. Then, the ost of
the AMRST is: (AM RST ) = e2E (e) The ost of (AM RST ) is
ompared with the ost of (M ST ) of the Minimum Spanning Tree
(MST) of the set P . The maximum di eren e between the (M ST )
and (AM RST ) is well-known, therefore, the proximity of AMRST
to MRST an be measured.
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Introdu tion

Histori ally the resear h on Steiner points and Steiner trees started when
Fermat posed the problem: Find a point in the plane that minimizes the
summation of the distan es from three given points. Steiner generalized
the problem for n points. Be ause of its many appli ations, the problem
1

enjoys great attention during the re ent years.
A variation of the problem on the re tilinear spa e and on the grid
(re tilinear with equidistant verti al and horizontal lines) is used in several
phases of Computer Aided Design (CAD) for Very large S ale Integration
(VLSI). Su h phases in lude global routing, estimation of wiring length,
et . Other areas of appli ation in lude Roboti s, Network Communi ation
Systems, Civil Engineering, et .
The Steiner problem is de ned as follows: Given a set of points P on
the grid jun tions, nd a set S of Steiner points su h that the minimum
spanning tree for P [ S has minimum re tilinear ost. The re tilinear
distan e ( ost) between two grid points (x1 ; y1 ) and (x2 ; y2 ) is given by
jx1 x2 j + jy1 y2 j. The di eren e between a minimum spanning tree
(MST) on the set P and the orresponding minimum Steiner tree (MRST)
on the set P [ S is that MRST ould ontain additional grid points than
merely the given points.
Hanan [4℄ states a fundamental result on the MRST for the re tilinear
spa e. For a xed number of points P the Steiner points S are lo ated at
the interse tions of verti al and horizontal lines passing through the points
in P .
Another fundamental result about Steiner points presented by Gilbert
et.al [3℄ whi h states that for jP j = n points there are at most (n 2) Steiner
points on the MRST. Figure 1 below illustrates a MST and a MRST for a
set of 4 points. Noti e that there are 2 Steiner points (4 2 = 2) on the
MRST and ea h Steiner point has degree equal to 3.

Figure 1: MST and MRST for 4 points
The MST problem is polynomial [5℄. On the other hand, Garey and
Johnson [2℄ proved that the MRST problem is NP-Complete, i.e., there is
no polynomial algorithm that an possibly solve the MRST problem. This
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is true even if the spa e is restri ted to be re tilinear.
Given that the MRST problem is NP-Complete, the resear h was dire ted towards nding good polynomial approximation algorithms for the
MRST. A good algorithm nds Steiner trees with ost lose to the ost of
the MRST.
A simple approximation to the MRST is the MST whi h an be omputed in polynomial time. Hwang [6℄ proved that for a xed number of
points on the re tilinear spa e the osts of the trees satisfy
(
(
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)
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Hwang et.al [6℄ developed a O(n log n) approximation algorithm that
produ es re tilinear Steiner trees (RST) with good average performan e.
Kahng et.al [9℄ developed an iterated 1-Steiner tree (I1S) method to nd
MRST approximations. Basi ally the method works as follows: Compute
MST for the given points P . Find a Hanan vertex H with the best improvement in the ost. Add H to P i.e., onsider the new set H [ P . Repeat the
pro ess. The best improvement point H is determined by the test:
(

M ST P

[

H

) < M S T (P )

The algorithm has order of omplextity O(n4 log n). GriÆth et.al [7℄
presented a I1S approa h with an O(n3 ) algorithm. Winter et.al [13℄ ondu ted a survey of Steiner tree appli ations on the Networks. The survey
in ludes Steiner tree problems on the re tilinear spa e and on probabilisti
networks as well as generalized Steiner trees. Ho et.al [8℄ developed approximation algorithms for the MRST based on the MST. Their approa h,
attempts to obtain maximum overlap of L-shape layouts and also separability of subtrees in the MST.
Kountanis et.al [10℄ onsidered the Steiner tree problem for Hyper ubes.
The problem remains NP-Complete. An O(n3 ) algorithm whi h approximates the MRST was designed, based on a Divide and Conquer strategy.
The algorithm re ursively omputes lo al enters of gravity and onstru ts
lo al approximation Steiner trees. These lo al trees are onne ted re ursively to nally onstru t a global Steiner tree for the Hyper ube. In [10℄
the authors used the on ept of envelope to develop a pro ess for approximating MRST. The pro ess has O(n2 log n) omplexity and on the average
the resulting tree has a 12.83% improved ost over the MST.
In this paper, a di erent approa h is used based on image pro essing.
The points on the grid are used to derive a binary image. Then, a modi ed
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skeleton algorithm operates on the image. The skeleton, by de nition, is a
sti k like gure that illustrates the stru ture of the image. Figure 3 shows
the skeletons of the images illustrated in Figure 2. Note, the illustrations
are in the ontinuous spa e. On the dis rete grid spa e the skeletons have
the same stru ture.

Figure 2: Two images, a triangle and a re tangle

Figure 3: Two images, a triangle and a re tangle
In order to ompute the Steiner tree, this paper uses a pro ess of repeated erosion [1℄ of borderline points (pixels) by preserving the ontinuity
of the image. A modi ation was introdu ed in order to avoid the erosion
of points on the original set P .
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Steiner Algorithm

In this se tion an approximation algorithm for the MRST is developed
based on the skeleton of a binary image. A binary image is represented on
the grid by binary numbers; 0 (white) 1 (dark). A pixel is a square de ned
in the grid. Ea h pixel is represented by the oordinates of its left-top orner.
Given a set of points P on the grid, the binary image is onstru ted as
follows:
1. Compute the MST for the set P .
4

Figure 4: The grid and points P (left) and the orresponding MST (right)
2. Tra e the grid from left to right, top to bottom. For every point of
the grid that belongs to the set P form a re tangle of pixels from this
point to its neighbor to the right. Note, the re tangles in lude the
pixels that orrespond to these two points.
3. Set to 1 the values if the remaining pixels whi h belong to a re tangle
onstru ted in step 2.
4. Set to 0 the values of the remaining pixels. Figure 4 illustrates the
set P , the MST for P and the images produ ed by the above pro ess.
The border pixels of the image are de ned to be the ones with value
1 and at least a neighbor pixel with the value 0. The neighborhood
is de ned as follows: Let (xi ; yi ) a pixel in the image . The neighbors
of (xi ; yi ) are f(xi + 1; yi ), (xi 1; yi ), (xi ; yi + 1), (xi ; yi 1)g. The
origin (0,0) of the image is the left top orner.
5. Apply the skeleton algorithm on the resulting image. The algorithm
erodes ( hips away) pixels with values of 1. The pro ess repeats itself
with the provisions; do not introdu e dis ontinuity among the value
1 pixels and do not erode pixels orresponding to points in P . The
result is a RST.
The Steiner algorithm based on the above des ription is presented below.
Input: The set P =f(xi ; yi ) where 1  i  n are the given pointsg and the
set G =f(xi ; yi ; xj ; yj ) are the set of edges of MSTg
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Figure 5: Image (left) and the orresponding Steiner tree (right)
Output: Steiner Tree
Step 1: Let D be n  n matrix whi h is used to store the binary image as
pixels. For ea h set of edges (xi ; yi ; xj ; yj ) 2 G of MST, set the
pixels on from (xi ; yi ) to (xj ; yj ) i.e., xi ! xj and yi ! yj .
Step 2: For ea h pixel P1 in D whi h is set
If P1 2 P i.e, Pixel is on of the point, then
Do not set it o
Else if P1 is the end point pixel or is a onne ting pixel or
is a part of 2-pixel wide horizontal/verti al line then
Do not set it o
Else (for all other ases)
Set the pixel o
End For
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Complexity of the Algorithm

The Algorithm onsists of 2 steps:
Step 1 forms the image from MST. Sin e all the edges are to be onsidered, this step will be exe uted (n 1) times.
Step 2 applies the modi ed skeletonization algorithm. It he ks if the
pixel whi h is a node/point of MST is not peeled o . Also, it he ks if the
pixel to be peeled o is not a onne ting pixel or a end point. Sin e the
6

above steps are performed for ea h and every pixel, it is exe uted
times. So,the overall time omplexity of the algorithm is O(n2 ).

n



n

Table 1: Performan e Comparison of MST and Steiner Trees
Points MST Steiner Improvement
10
107.54 103.54
3.719546
15
122.3
117.7
3.761243
20
146.52 139.23
4.97543
25
166.78 156.98
5.876004
30
192.5
181
5.974026
35
198.45 186.42
6.06198
40
202
189.3
6.287129
45
239.32 224.13
6.34715
50
242
225.5
6.818182
55
251.3 233.93
6.912057
60
259.7 240.83
7.266076
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Implementation

The Steiner algorithm was implemented in Java. The grid was set to
size 50  50. The number of points in P was set to various values n 2
f10; 15; 20; : : : ; 60g. For ea h n a multiple set of points, randomly generated, was set in the grid and the program was exe uted. The multipli ity of
sets for ea h n was onsidered in order to redu e the in uen e of the point
distributions on the results.
Table 1 shows the average osts for the Minimum Spanning Tree (MST),
the Steiner Tree (RST) produ ed by the Steiner algorithm and the per entage improvements obtained on the ost of RST over the ost of MST. Figure
6 shows a pi torial representation of the data in Table 1.
It was observed from the output data that a uniform distribution of the
points in the grid, for every n, resulted in the best approximation. It seems,
by observation and not by proof, that the less uniform the distributions are,
the worser approximations are a hieved.
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Con lusion

The idea of using image pro essing to ompute approximations to the
MRST is novi e. The algorithm has very low omplexity and produ es
7
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Figure 6: Histogram
good results. However, the representation of the points P by an image in
the grid is not unique. There is a possibility that other image representations might be better that the one used. Using morphologi al operations
on the image in order to nd the skeleton is another possibility.
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